Due to the ever-changing and complex market environment, companies frequently face highly uncertain demand where data are so insufficient that the use of random or fuzzy variables, which are typically assumed in the literature, is impractical. Furthermore, companies are often risk-averse when making decisions. To address these two challenges, in this paper, we present the first study on a risk-averse newsvendor problem using the framework of uncertainty theory. To measure risk aversion, we adopt the measure of tail value-at-risk redefined based on uncertainty theory. We are able to analytically derive the optimal order quantity that maximizes the newsvendor's expected utility. We find that the optimal order quantity of a risk-averse newsvendor is less than that of a risk-neutral newsvendor. Furthermore, as the degree of risk aversion increases, the optimal order quantity decreases. Also, we show that the optimal order quantity may be independent of the risk confidence level when the degree of risk aversion is below a threshold. Moreover, we use numerical examples to illustrate how various parameters, such as the degree of risk aversion, salvage value, and unit ordering cost, affect the optimal order quantity.
I. INTRODUCTION
Due to fierce market competition and rapid product upgrades, the selling season of many products (such as fashion, electronic products, and toys) has become increasingly shorter. In addition, the demand uncertainty faced by retailers when making inventory decisions is increasing due to various factors, such as uncertain market sizes and consumers' everchanging appetites (e.g., consumers' low-carbon preference). The newsvendor model is commonly used as a basic model for ordering under uncertainties because it provides an effective analytical framework [1] . Several researchers have also extended the classical newsvendor model in different directions (see Khouja [2] and Qin et al. [3] for two excellent reviews).
Most researchers treat uncertain market demand as a random variable based on probability theory. For example, one method to address uncertain demand is to assume that demand is subject to a specific distribution. Arcelus et al. [4] explored the bicriteria decision newsvendor problem under the assumption that demand follows a uniform distribution.
The associate editor coordinating the review of this manuscript and approving it for publication was Pengcheng Liu . Dominey and Hill [5] studied the effectiveness of several approaches for approximating a compound Poisson distribution in a single-period setting. Similarly, Kitaeva et al. [6] considered demand a compound Poisson process with pricedependent intensity and a continuous batch size distribution; equations for retail price maximization of an expected profit with the optimal order quantity are obtained, and an approximate solution is proposed. Yu and Zhu [7] proved that when the market demand obeys a uniform distribution, a capitalconstrained retailer could gradually increase his order quantity when he possesses more collateral assets. Furthermore, some researchers assume that insufficient information is available to obtain the specific distribution of the demand except for its mean and variance. Kamburowski [8] studied a distribution-free newsvendor problem under the worst-case and best-case demand scenarios. He et al. [9] studied the impact of the intelligence level of decision-makers on their expected profit using a distribution-free newsvendor model. Godfrey and Powell [10] directly estimated the value function using the Concave, Adaptive Value Estimation (CAVE) algorithm to solve the newsvendor problem rather than estimate the demand distribution. Helena [11] used a hybrid of Hurwicz and Bayes decision rules to design a novel approach for the sale of new, innovative products under complete uncertainty. Sarkar et al. [12] considered no specific probability distribution for customers' demand, except for a known mean and standard deviation, in a single-period newsvendor problem with a consignment policy. Some researchers regard uncertain demand as a fuzzy variable. Chen and Yo [13] investigated the optimal order quantity of newsvendors when quantity discounts are available in a fuzzy environment. Xu and Hu [14] focused on the newsvendor problem by assuming that the uncertain market demand is a random fuzzy variable and presented a hybrid algorithm to obtain the optimal order quantity. Yu et al. [15] modeled the uncertain demand as a fuzzy variable because probability theory is not applicable in some cases; the optimal pricing and inventory decisions that could maximize the expected profit were obtained.
However, due to various issues, it can be difficult to collect sufficient data of some products or the available historical data may be too noisy and have limited reference value. These problems can occur for innovative products with no historical data or green products that face unknown market preference. Consequently, the specific distribution, even summary measures such as the mean and variance, or the membership function of market demand can be difficult to estimate. Consequently, probability theory and fuzzy theory are not applicable in these increasingly common situations. Therefore, we must consider these variables as uncertain variables and address them by inviting domain experts to give their corresponding belief degrees [16] . However, the variance of belief degree is often larger than the actual frequency, and the belief degree cannot be calculated via probability theory or fuzzy set theory. Liu [17] formally established uncertainty theory to rationally address personal belief degrees. Subsequently, uncertainty theory has been applied in various fields. For example, Zhang and Chen [18] studied the project scheduling problem using an uncertain programming model. Gao [19] applied uncertainty theory to address facility location problems. Qin et al. [20] proposed uncertain mean-semi-absolute deviation adjusting models for portfolio optimization problems. Uncertainty theory has also been applied to study the single-period inventory problem. Qin and Kar [21] first introduced uncertainty theory to the newsvendor problem by assuming demand to be an uncertain variable. They obtained the optimal order quantity that could maximize the newsvendor's expected profit. Ding [22] analyzed the multi-item newsvendor problem with uncertain demand and uncertain storage space under a warehousing chance constraint. Ding and Gao [23] derived an optimal replenishment policy of an uncertain multi-item newsvendor problem using uncertain programming. Ding [24] also explored how to make optimal order when uncertain market demand and random demand coexist based on uncertainty theory and chance theory. Wang et al. [25] developed both single-item and multi-item single-period inventory models with a budget constraint when market demands are assumed to be uncertain random variables. However, the above papers using uncertainty theory to study newsvendor models assume that the newsvendor is risk-neutral, implying that the objective is to maximize the expected profit or minimize the expected cost. However, due to the complex market environment and uncertain demand, a newsvendor is more likely to be risk averse, and the objectives are no longer consistent with profit maximization or cost minimization [26] . Researchers have increasingly realized the significant impact of risk preference on newsvendors' decision making. Wang et al. [28] showed that a risk-averse newsvendor will order less than an arbitrarily small quantity as the selling price increases if the price is higher than a threshold value. Wu et al. [29] studied the effect of capacity uncertainty on inventory decisions in both risk-neutral and risk-averse scenarios; they discovered that the result obtained in the former scenario becomes invalid in the latter scenario. Murarka et al. [30] incorporated coherent risk measures into the classical newsvendor problem to capture risk when the order quantity decision is made.
Next, we review the different measurements of risk aversion. Expected utility, mean-variance, and value-at-risk (VaR) are the three traditional methods used to model risk aversion in inventory problems. However, these three methods may be unable to accurately describe the risk characteristics of decision makers [31] . Many scholars (e.g., see [32] , [33] ) have used conditional value-at-risk (CVaR) to measure risk attitude since it was first proposed by Rockafller and Uryasev [34] . CVaR is a coherent risk measure exhibiting subadditivity that can address the shortcomings of VaR by accounting for both expected profit and risk. However, a disadvantage of CVaR α is that it measures the average income below the α-quantile and ignores the portion of income above the α-quantile. This limitation can lead to overly conservative decisions [35] . To overcome this disadvantage, scholars have adopted the mean − CVaR, which maximizes the expected profit while minimizing the downside risk of the profit to balance expected profit and risk. Xie et al. [36] considered a single-period supply chain with a newsvendor retailer by applying the mean − CVaR criterion; they investigated three contracts to coordinate the supply chain in the case of risk neutrality and risk aversion. Xu and Li [37] studied the optimal ordering problem of the newsvendor model based on mean−CVaR in the presence of a shortage cost. Gao et al. [38] explored a joint decision problem using the mean − CVaR criterion when the newsvendor not only decides the order quantity but also adopts a weather hedging strategy. Similar to the approaches of measuring risk attitude mentioned above, we consider not only the expected profit but also the risk of loss. The difference is that we use tail value-at-risk (TVaR) to replace CVaR. TVaR is redefined by Peng [39] based on uncertainty theory as one of the risk metrics in uncertain risk analysis. TVaR is a good risk measurement that not only measures the extent of the loss suffered but also the probability of loss. As explained by Peng [39] , CVaR is based on the probability theory framework and, therefore, is not applicable to the uncertainty theory framework. Therefore, we adopt the risk aversion measure mean − TVaR in this paper.
Briefly, we aim to investigate the optimal order strategy for the single-period risk-averse newsvendor model with uncertain demand. We apply uncertain statistics to estimate the empirical distribution of the demand to solve the newsvendor model with an uncertain variable. Furthermore, we analyze how various parameters, such as the degree of risk aversion, affect the optimal order policy.
Our study represents a major extension of Qin and Kar [21] , who applied uncertainty theory to address the newsvendor problem but assuming risk neutrality. Specifically, in this research, we make the following major contributions. First, we are the first to analyze a risk-averse newsvendor using the framework of uncertainty theory. To measure risk aversion, we adopt the measure of tail value-at-risk redefined based on uncertainty theory. Second, we are able to analytically derive the optimal order quantity. We show that as the degree of risk aversion increases, the optimal order quantity decreases. Also, the optimal order quantity may be independent of the risk confidence level when the degree of risk aversion is below a threshold. Third, we conduct numerical examples to further investigate how product characteristics, such as the salvage value, can impact the optimal order quantity. In short, this research contributes to the academic literature as well as industry practice by solving the risk-averse newsvendor model under uncertain theory.
The remainder of this paper is organized as follows. Section II provides some preliminaries regarding uncertainty theory. In Section III, a risk-averse newsvendor model is formulated under uncertain demand using the risk metric of mean − TVaR. In Section IV, the optimal order policy is analytically derived. Moreover, how various parameters affect the optimal policy is investigated. In Section V, numerical examples are given to verify the analytical results and present sensitivity analysis of the parameters. Section VI presents the conclusions and possible research directions.
II. PRELIMINARIES
Probability theory and uncertainty theory are two mathematical systems that rationally address indeterminacy. The former is used for modeling frequencies and is suitable when there are sufficient data. The latter is used for modeling belief degrees that are given by domain experts when there are no samples to estimate the probability distribution. Some fundamental concepts and properties of uncertainty theory that are used throughout this paper are as follows.
If nonempty collection L is a σ − algebra over , the element of L is called an event. M is a set function from L to interval (0, 1) if M satisfies the following four axioms: 
Axiom 3 (Subadditivity Axiom):
For each countable sequence of events 1 , 2 , . . ., we have
Then, we call M an uncertain measure, and ( , L, M ) is an uncertain space [17] .
Axiom 4 [17] : Let ( k , L k , M k ) be the uncertainty spaces for k = 1, 2, . . .. The product uncertain measure M is an uncertain measure satisfying
where k are arbitrarily chosen events from L k for k = 1, 2, . . ..
Definition 1 [40] : An uncertain variable ξ is a measurable function from the uncertain space ( , L, M ) to the real number set; thus, for any Borel set over the real number set, the collection {ξ ∈ B} = {γ ∈ |ξ (γ ) ∈ B } is an event. The belief degree represents the strength with which we believe that an event will occur. The uncertainty distribution of an uncertain variable ξ is defined by (x) = M {ξ ≤ x} for any real number x.
Definition 2 [40] : A function −1 is an inverse uncertainty distribution of an uncertain variable ξ if and only if
for all α ∈ (0, 1). Definition 3 [40] : Let ξ 1 , ξ 2 , . . . , ξ n be independent uncertain variables with regular uncertainty distributions 1 , 2 , . . . , n , respectively. If f (ξ 1 , ξ 2 , . . . , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , . . . , ξ m and strictly decreasing with respect to ξ m+1 , ξ m+2 , . . . , ξ n , the variable ξ = f (ξ 1 , ξ 2 , . . . , ξ n ) has an inverse uncertainty distribution as follows:
Definition 4 [40] : An uncertain variable ξ is normal if it has a normal uncertainty distribution
The inverse uncertainty distribution of the normal uncer-
Definition 5 [40] : Let ξ be an uncertain variable. Provided that at least one of the two integrals are finite, the expected value of ξ is defined as Theorem 1 [41] : Let ξ 1 , ξ 2 , . . . , ξ n be independent uncertain variables with regular uncertainty distributions 1 , 2 , . . . , n , respectively. If f (ξ 1 , ξ 2 , . . . , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , . . . , ξ m and strictly decreasing with respect to ξ m+1 , ξ m+2 , . . . , ξ n , ξ = f (ξ 1 , ξ 2 , . . . , ξ n ) has an expected value
Definition 6 [39] : Assume that a system contains uncertain factors ξ 1 , ξ 2 , . . . , ξ n and a loss function f . Let α ∈ (0, 1] be the risk confidence level. Then, the VaR of loss function f is the function f VaR :
The TVaR of the loss function f is the function f VaR :
Theorem 2 [39] : Assume that a system contains uncertain factors ξ 1 , ξ 2 , . . . , ξ n and has a loss function f . If ξ 1 , ξ 2 , . . . , ξ n are independent uncertain variables with uncertainty distributions 1 , 2 , . . . , n , respectively, and if the function f (x 1 , x 2 , . . . x n ) is strictly increasing with respect to x 1 , x 2 , . . . x m and strictly decreasing with respect to x m+1 , x m+2 , . . . x n , we have
III. MODEL
In our model, we consider a risk-averse newsvendor with uncertain demand based on uncertainty theory. Faced with a continuous and uncertain market demand ξ , the newsvendor orders y unit products from a supplier at unit ordering cost q before the selling season begins and sells the products at unit selling price p. At the end of the regular selling season, the excess is disposed at unit salvage value h. Without loss of generality, we set p > q > h > 0. For clarity, the relevant notations used in our model are summarized in Table 1 . On the basis of the above model setup, the profit function can be written as
Figure 1 plots f (ξ, y) as a function of ξ . Since market demand ξ is an uncertain variable, the profit function f (ξ, y) is also an uncertain variable. Under riskneutral conditions, the newsvendor's objective is to maximize the expected profit; thus, the optimal order quantity can be stated as y
is the expected operator. However, the objective of a risk-averse newsvendor is to maximize the expected utility, which can be expressed as F(y) = λTVaR α (f (ξ, y))
at a given level of risk confidence α(α ∈ (0, 1]) under the criterion of mean − TVaR, where λ(λ ∈ [0, 1]) is the degree of risk aversion. A larger λ indicates a higher degree of risk aversion for the newsvendor. α is the risk confidence level, which represents the newsvendor's preference for downside risk. When α equals 1, TVaR α is equal to the expected profit. The objective is to find the optimal order quantity y * to maximize F (y); thus, F(y * ) = max y F(y). We obtain the following results.
Theorem 3: Let (ξ ) and 1 (ξ ) be the uncertainty distribution and corresponding inverse uncertainty distribution of ξ , where (ξ ) is continuous and invertible. At a given level of risk confidence α(α ∈ (0, 1]), we have
Theorem 4: Let E [f (ξ, y)] be the expected profit of the newsvendor. Given a certain level of risk confidence α(α ∈ (0, 1]), we have
Hence, TVaR α (f (ξ, y) ) and E [f (ξ, y)] can be derived based on Theorem 3 and Theorem 4, respectively. Then, we can obtain the computational formula of F(y) according to its definition as follows:
Then, we can derive the optimal order quantity y * . The result is given below.
Theorem 5: At a given level of risk confidence α(α ∈ (0, 1]), the optimal order quantity y * is (15) , as shown at the bottom of this page.
Based on Theorem 5, we can conclude that the optimal order quantity varies according to the relationship between the degree of risk aversion λ of the newsvendor and the critical value λ * , which is determined by the selling price, unit ordering cost, salvage value and risk confidence level.
IV. SENSITIVITY ANALYSIS
By further analyzing the mathematical expression of the optimal order quantity obtained in the above section, we can obtain the following sensitivity analysis of the influence of the parameters on the optimal ordering decision.
Corollary 1: Compared with a risk-neutral newsvendor, a risk-averse newsvendor has a lower optimal order quantity. Furthermore, the optimal order quantity decreases in the degree of risk aversion.
We can also obtain the following results from Corollary 1. A degree of risk aversion less than λ * indicates that the newsvendor is more optimistic. In this case, the optimal order quantity y * is independent of the selected risk confidence level α. Therefore, newsvendors with the same risk aversion attitude can have the same optimal ordering decision despite having different risk confidence levels. When the degree of risk aversion is greater than λ * , the newsvendor is more pessimistic. Here, different risk confidence levels lead to different optimal order decisions, even though the degrees of risk aversion are identical. When the risk confidence level is higher, i.e., the tolerance for risk is higher, the newsvendor is more optimistic and orders a greater quantity of product. The reasons of Corollary 1 are as follows. When a newsvendor is risk averse, different degrees of risk aversion will lead to different ordering decisions. Both the expected profits and the downside risk of the profit are considered when the newsvendor makes ordering decisions. When the order quantity is small, the probability of overstocking is low; thus, all products can be sold with profit. In contrast, when the order quantity is large, a significant portion of the order quantity may be unsold and has to be salvaged at a lower price, resulting in a direct financial loss to the newsvendor. Hence, when a risk-averse newsvendor makes an ordering decision, s/he must predict the market demand and pay more attention to the direct losses caused by over-ordering. A riskaverse newsvendor tends to order fewer products to maximize the expected utility. In addition, the higher the degree of risk aversion, the lower the newsvendor's expectation of market demand, and the more negative impact of overstocking. As a result, the newsvendor will order less.
Corollary 2: At given levels of risk confidence and risk aversion, the optimal order quantity increases in the unit selling price and unit salvage value but decreases in the unit ordering cost.
Corollary 2 can help us decide the optimal order quantities of different products. When a newsvendor is risk averse, the ordering decision will be affected by the expected profit and risk simultaneously. The characteristics of the product can greatly influence the ordering decision. For example, a product with a high salvage value and low cost will result in greater profit and reduce the potential economic loss caused by inventory leftover.
V. NUMERICAL EXAMPLES
In this section, we conduct numerical examples to illustrate Corollary 1 and Corollary 2. We mainly discuss how the risk aversion coefficient, risk confidence level, unit selling price, unit ordering cost, and salvage value affect the ordering decision of the newsvendor. Suppose the market demand is ξ ∼ N (120, 40) and the uncertainty distribution and inverse uncertainty distribution are
VI. IMPACTS OF RISK AVERSION AND THE RISK CONFIDENCE LEVEL
By employing MATLAB2014a, we can obtain the value of the optimal order quantity y * under different degrees of risk aversion λ and risk confidence levels α. The parameters we employ are p = 23, q = 11.5, and h = 7.6. The results by varying the values of λ and α are plotted in Figure 3 . The followings can be observed from Figure 3 . First, the optimal order quantity decreases as λ increases, which is reasonable because as risk aversion increases, the newsvendor will be more concerned with to the downside risk of profit rather than the expected profit and choose to order less. The sensitivity of the optimal order quantity to the degree of risk aversion also varies as the risk confidence level changes. The higher the risk confidence level, the less risk aversion will affect the optimal order quantity. However, changes in λ do not always affect the newsvendor's optimal order quantity. When α ≥ 0.99, the optimal order quantity is rarely affected by λ because as the risk confidence level approaches 1, TVaR α approaches the expected profit. In this case, the impact of λ on the ordering decision is negligible. Second, the optimal order quantity will increase as α increases. The higher the risk confidence level is, indicating a higher newsvendor's acceptance of risk, the higher the expected profit. Thus, the newsvendor tends to order more. The degree of risk aversion also affects the sensitivity of the optimal order quantity to the risk confidence level. With a higher degree of risk aversion, the risk confidence level will have a stronger effect on the optimal order quantity. Stated differently, with a higher λ, α will have a stronger impact on the optimal order quantity. However, α does not always affect the newsvendor's optimal order quantity. When λ < 0.3, the risk confidence level has a limited impact on the optimal order quantity because when λ is low, the newsvendor pays more attention to the expected profit. Therefore, TVaR α has minimal influence on decision making. When λ = 0, i.e., the newsvendor is riskneutral, as shown in Figure 3 , the optimal order quantity of a risk-averse newsvendor is always smaller than that of a riskneutral newsvendor.
VII. IMPACTS OF THE UNIT ORDERING COST, UNIT SELLING PRICE, AND UNIT SALVAGE VALUE
In this subsection, we focus on how unit ordering cost q, unit selling price p, and unit salvage value h affect the optimal order quantity. Since the selling price affects the order quantity by influencing the profit margin of a risk-averse newsvendor as does the ordering cost, we focus only on the impact of q and h on the optimal order quantity here.
We assume that λ = 0.55, α = 0.99 , and p = 23. Figure 4 shows the changes in the optimal order quantity with different values of q and h. We can make the following observations from Figure 4 . First, the optimal order quantity increases as h increases. This is because the higher the unit salvage value, the less the economic loss caused by overstocking the same amount of product. Therefore, the newsvendor will tend to order more items with a higher salvage value. Second, the optimal order quantity will decrease as q increases because the cost increase will reduce profit profitability; therefore, the expected profit from the sales of the same quantity of products will also decrease. In this case, the newsvendor will reduce the optimal order quantity in light of inventory risk concerns. Third, the change caused by q is greater than that caused by h, implying that the newsvendor is more sensitive to the unit ordering cost than the salvage value. This result holds because newsvendors are more concerned with the loss of product margins due to higher unit ordering cost than less overstock loss due to higher salvage values. In short, the lower the unit ordering cost and the higher the salvage value of the product, the higher the optimal order quantity.
VIII. DISCUSSION AND CONCLUSION
In this paper, we study a risk-averse newsvendor model based on uncertainty theory. Stated differently, we incorporate a newsvendor's risk aversion under the assumption that demand is an uncertain variable and analyze its optimal ordering decision. We formulate a utility function considering both risk and expected profit. We then obtain the optimal order quantity by maximizing the utility function. Numerical examples are further provided to verify our analytic results and illustrate the impacts of various parameters on the optimal order quantity.
In our study, we treat demand as an uncertain variable, which is a main contribution because existing studies usually assume that demand is a random or fuzzy variable. We are able to solve the newsvendor model in an uncertain environment, further broadening the applicability of this model in business practice where insufficient data is available. In our model, the estimation of the uncertain variable is given by experts with knowledge of uncertain statistics because insufficient observational data or historical data are available. In contrast, the use of random or fuzzy variables, which are typically assumed in the literature, is more appropriate for addressing uncertainty when related data are accessible. In short, our main contribution is that our model and results are more practical for inventory management with insufficient data.
Our main research results are as follows. First, compared with a risk-neutral newsvendor, a risk-averse newsvendor has a lower optimal order quantity. Furthermore, as the degree of risk aversion increases, the optimal order quantity decreases. Second, the sensitivity of the optimal order quantity to the degree of risk aversion depends on the risk confidence level. In particular, the optimal order quantity may be independent of the risk confidence level when the degree of risk aversion is below a threshold. Third, the optimal order quantity decreases in the unit ordering cost but increases in the salvage value and unit selling price.
In future research, this paper can be extended in the following directions. First, we could expand the single-item risk-averse newsvendor problem in the framework of uncertainty theory to scenarios involving multi-item newsvendors. Second, we could extend our research to study supply chain coordination with contracts, such as buy back contracts and revenue sharing contracts, in an uncertain environment. Finally, a multi-period dynamic inventory problem in an uncertain environment could be investigated.
APPENDIX

PROOF OF THEOREM 3
The profit function shows that when ξ ≤ y, f (ξ, y) = (h − q)y + (p − h)ξ ≤ (p − q)y, and ξ > y, we have f (ξ, y) = (p − q) y. Therefore, for any ξ , we have f (ξ, y) ≤ (p − q)y; thus, the belief degree of f (ξ, y) ≤ (p − q)y is equal to 1 (i.e., M {f (ξ, y) ≤ (p − q)y} = 1). In addition, we have the following:
The belief degree distribution function (x) of the profit function f (ξ, y) is a step function and is continuous at the break point. Figure 2 plots (x).
According to (9) and Figure 2 , given a certain level of risk confidence β(β ∈ (0, 1]), we have Figure 2 ), the VaR corresponding to β is always less than (p − q)y, which corresponds to (y), and VaR β can be calculated as
As 1 (ξ ) is the inverse uncertainty distribution function of ξ , the equation above is equivalent to
(II) When 1 ≥ β ≥ (y) (such as β 2 in Figure 2 ), we obtain VaR β = (p − q)y.
We substitute VaR β into (10), yielding TVaR α (f (ξ, y) ). Because VaR β is a piecewise function, TVaR α (f (ξ, y) ) is also a piecewise function that can be expressed as
Theorem 3 is proved.
PROOF OF THEOREM 4
According to Qin and Kar [21] , we have
Considering that (x) is a continuous function that satisfies (x) = M {ξ ≤ x} and M {ξ > x} = 1− (x), we can obtain
Theorem 4 is proved.
PROOF OF THEOREM 5
Proof: We first take the derivative of F(y) as follows:
Because F(y) is a piecewise function, it must be discussed in segments. In addition, notably, lim α) ); thus, F(y) is continuous at its breakpoints. VOLUME 7, 2019 Next, we discuss different situations according to the relationship between α and (y). Case 1: α < (y); in this case, y > −1 (α), and we have
Since (y) is a continuously and monotonically increasing function, we can infer that d (y) dy ≥ 0. By combining p > h and λ ∈ [0, 1], it can be verified that d 2 F(y) dy 2 ≤ 0, implying that F(y) has a maximum value.
Letting dF(y) dy = 0, we obtain y 1 , which satisfies
Because the domain of F(y) is y > −1 (α) in Case 1, we must consider the values of F(y) at the boundaries of the domain to determine its maximum. Let
Thus, the domain of F(y) contains y 1 . F(y) has a maximum at y 1 ; therefore, y * 1 = y 1 is the optimal solution.
(II) Conversely, when λ ≥ λ 1 , because d (y) dy <0 and F(y) is continuous at point y = 1 (α), the maximum of F(y) is at the left boundary of the domain. Hence, the optimal solution is y * 1 = 1 (α). Case 2: α ≥ (y); in this case, y ≤ −1 (α), and we have
Similarly, since d 2 F(y) dy 2 ≤ 0, F(y) has a maximum in its domain. Letting dF(y) dy = 0, we obtain y 2 , which satisfies
,
Similar to Case 1, we consider the boundaries of the domain to determine the maximum of F(y).
The domain of F(y) is y ≤ −1 (α) in Case 2. Let
(I) When y 2 ≤ −1 (α), λ ≥ λ 2 . Thus, the domain of F(y) contains y 2 , and F(y) has its maximum at y 2 . Thus, y * 2 = y 2 .
(II) When λ < λ 2 , we have dF(y) dy > 0. In this case, the maximum of F(y) occurs at the right boundary of the domain. Thus, the optimal solution is y * 2 = 1 (α). Notably, λ 1 = λ 2 in this situation.
To obtain the optimal solution that satisfies F(y * ) = max y F(y), we compare F(y * 1 ) and F(y * 2 ), which are derived from Cases 1 and 2.
(I) When λ < λ 1 , we have F(y * 1 ) = F(y 1 ) and F(y * 2 ) = F( −1 (α)). Since F(y) is continuous at y = 1 (α), F(y * 1 ) = F(y 1 ) > F( −1 (α)) = F(y * 2 ) is true. Thus, the optimal order quantity is y * = y * 1 = y 1 . (II) When λ ≥ λ 1 , we obtain F(y * 2 ) = F(y 2 ) > F( −1 (α)) = F(y * 1 ), indicating that the optimal order quantity is y * = y * 2 = y 2 . Theorem 5 is proved.
(II) When λ ≥ λ * ,
As (p−q)α (p−h)[(1−α)λ+α] is a decreasing function of λ, 1 (x) is an increasing function; thus, y * is decreasing with respect to λ. Hence, y * decreases as λ increases.
In summary, a risk-averse newsvendor has a smaller optimal order quantity, and the optimal order quantity decreases as the degree of newsvendor risk aversion increases.
Corollary 1 is proved. . Additionally, 1 (x) is an increasing function. Therefore, y * is always increasing with respect to p and h but is decreasing with respect to q.
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